The recent generalized Lassettre expansion ͑GLE͒ ͓Phys. Rev. Lett. 81, 961 ͑1998͔͒ employing only a single Regge pole is used to demonstrate the applicability of the Lassettre limit theorem over the entire electron impact energy without the involvement of the nonphysical region of the apparent generalized oscillator strength ͑AGOS͒. At forward scattering the GLE yields the unique long-sought-after normalization curve to the optical oscillator strength of the measured relative electron differential cross sections ͑DCS's͒ through the AGOS. Optically allowed transitions in H, He, Xe, and N 2 O are used to illustrate the normalization procedure. We conclude that the GLE together with the momentum dispersion method of Haffad et al. ͓Phys. Rev. Lett 76, 2456 ͑1996͔͒ now constitute a set of invaluable methods for use in guiding electron DCS measurements, including the identification of incorrectly normalized and/or spuriously behaved data in the difficult to measure small angular regime. It is hoped that this paper will inspire more measurements of DCS's at zero-angle scattering, since currently very few such measurements are available.
I. INTRODUCTION
The niceties associated with the resolution of the longstanding problem of reaching the optical oscillator strength ͑OOS͒ limit, commonly known as the ''Lassettre limit theorem,'' when starting from any electron impact energy E, and the problem we have encountered with many reviewers, suggest that we first place the problem in perspective. Bethe ͓1͔ introduced the concept of the generalized oscillator strength ͑GOS͒ which directly manifests the atomic wave functions and the dynamics of atomic electrons. Miller and Platzman ͓2͔ recommended that important information can be obtained about both the electron differential cross sections ͑DCS's͒ and integral cross sections ͑ICS's͒ by examining the GOS as the momentum transfer squared, K 2 →0, and concluded that for K 2 Ӷ1, the GOS converges to the OOS. The authors of Ref. ͓3͔ established that this must be valid regardless of E, viz. the applicability of the first Born approximation ͑FBA͒. Earlier, Bonham ͓4͔ predicted the existence of minima in the GOS function. The limiting behavior of the GOS as K 2 →0 was examined ͓5-7͔ with no clear departure from the limit theorem. One of the major theoretical difficulties limiting developments is that the value K 2 ϭ0 is nonphysical for finite E and, therefore, experimentally inaccessible. Consequently, an interpolation-extrapolation algorithm on the experimental data through the nonphysical region is necessary.
The limiting behavior of the GOS as K 2 →0 is important inter alia in normalizing the measured relative electron DCS's ͓8-11͔, the determination of OOS's from absolute DCS's ͓5,12-14͔, the calculation of cross sections for energy transfer in molecules ͓15͔, and the evaluation of the singlettriplet energy differences ͓16,17͔ as well as ICS's ͓18͔. One of the major problems encountered in extrapolating the measured GOS to the OOS, employing the standard Lassettre series ͓19͔, apart from the problem of convergence, has been that the nonphysical region of the GOS becomes extensive as E decreases toward threshold, thereby making the extrapolation difficult and unreliable ͓12͔. Added to this, is that measurements tend to be riddled with errors at and near ϭ0°. To remedy some of the problems, the Regge pole representation of the electron DCS was introduced ͓20͔. The approach analytically continues the measured data from the larger angular region, where they are generally more reliably measured, through to zero scattering angle, where measurements are difficult to obtain.
The difficulties of measuring reliably the electron DCS's for atomic, ionic, and molecular transitions at small scattering angles including zero, well documented in the literature ͓12,21,22͔ are still clearly manifest even in the most recent measurements for H ͓23͔ and Li ͓24͔. For the former, measurements were obtained down to only 7°at all the impact energies considered, while for the latter, data were obtained down to 6°at 21.8 eV. The same problem is exemplified for molecular transitions by the vibronic excitation bands ( ϭ1 -4) of the b 1 u electronic state of N 2 ͓25͔, where data were obtained down to only 2.75°at 300 eV. Similarly, for the electron-impact excitation of the optically allowed transitions in Mg II, Zn II, and Cd II, the unmeasured angular regimes at 50 eV ͓21͔ are 0°рϽ4°, 0°рϽ6°, and 0°р Ͻ4°, respectively. Problems of determining absolute values of the measured electron DCS's using a GOS technique and contributions to the ICS's from the small angular regime were discussed by Ismail and Teubner ͓11͔, who measured the DCS's for excitation of the resonance transition in Cu down to ϭ2°at all their impact energies. They also demonstrated that at 20 and 100 eV 84% and 99%, respectively of the contributions to the ICS's come from the approximate angular range 0р Ͻ15°. This conclusion is consistent with the results found by Chen and Msezane ͓26͔ for optically allowed transitions in Xe and Na. Also, the contribution from the angular regime not covered by the measurement (0рϽ6°) to the ICS's in the electron excitation of the states 6s͓
Above we have demonstrated sufficiently that many measurements of the electron DCS's for optically allowed transitions in atoms obtain data only down to some small angle s near ϭ0°, and almost never at ϭ0°. ͑We note that the same applies to molecular transitions. The case of ionic transitions is even worse; there are very few measurements of DCS's for them because of severe technical difficulties͒. However, these transitions receive the major contribution to the ICS's mainly from the small angular range, particularly at high impact energies. Consequently, there is a great need to investigate the angular regime near and at ϭ0°, as well as the applicability of the Lassettre limit theorem for the normalization of the measured relative electron DCS's regardless of the electron-impact energy, the subject of this paper, to guide measurements. Several years ago the Atomic Theory Group at Clark Atlanta University, together with collaborators, embarked upon the development of innovative theoretical approaches for application to small-angle electron scattering. Here we will employ some of the methodologies to resolve the problem of reaching the Lassettre limit regardless of the electron impact energy and without traversing the nonphysical region of the GOS. Normalization curves will be extracted from the generalized Lassettre exposition ͑GLE͒, and illustrated using optically allowed transitions in H, He, Xe, and N 2 O.
II. THEORY

A. Overview
Optically allowed transitions have long-range interaction potentials. Therefore, in calculating cross sections, many angular-momentum states must be considered. However, no physical understanding of the angular distribution is achieved through summing a partial wave series whose terms and number are significant ͓27͔. The Regge pole representation of scattering problems embodies deep physical insights; it leads to a new physical interpretation of diffraction scattering ͓28͔. The Regge pole representation of the electron DCS's makes use of a dynamical angular-momentum expansion in which the angular momenta are no longer integers, but their values depend drastically on the dynamics of the problem under investigation ͓29͔. Such a representation results in an enormous gain because, while the ordinary kinematic angular momentum requires a significant number of partial waves when the energy increases from threshold, the dynamical Regge series requires less and less contributing terms. It is, therefore, the appropriate methodology for analyzing the medium to high electron scattering.
Recently, nonanalytic terms have been identified in the apparent generalized oscillator strength ͑AGOS͒ function near zero momentum transfer squared, coming from secondorder long-range interaction potentials ͓30͔. This result, combined with a single Regge pole ͓20͔, was used to obtain the generalized Lassettre expansion ͓30͔. Used with the accurate electron DCS's of Ref. ͓31͔, the GLE yields outstanding OOS results for the H 1s-2p transition, down to electronimpact energy E near threshold. Consequently, embedded in the GLE is the long-sought-after normalization curve for the measured relative electron DCS's for optically allowed transitions. This curve, to be extracted and presented below, is compatible with the Lassettre limit theorem throughout the electron impact energy. This theorem has never been verified for non-Born transitions, although experimenters have long been attracted to utilizing it for normalizing the measured relative electron DCS's to the OOS's ͓8͔.
Since the main thrust of this paper is reaching the Lassettre limit of the GOS as K 2 →0, the OOS, when starting from any electron-impact energy, and the extraction of the attendant normalization curve for the measured relative DCS's, we will need the three recent theoretical approaches: the momentum dispersion method ͑MDM͒ of Haffad et al. ͓20͔ , the forward scattering function ͑FSF͒ of Ref. ͓32͔, and the GLE ͓30͔. The utility of the MDM is in the determination of small-angle data where experiments experience difficulties measuring reliably through analytical continuation of the larger angular data which are generally measured more accurately by comparison, as well as the identification of spuriously behaved data at and near ϭ0°. The FSF is used to assess improper normalization of the measured relative electron DCS's through the GOS's. The presence of nonanalytic terms of the form ͱK 2 near K 2 ϭ0, coming from secondorder long-range interaction, has led to the GLE. The GLE is useful for obtaining OOS's from absolute DCS's, and normalizing measured relative DCS's to the OOS. The three theoretical approaches are briefly described below.
B. Momentum dispersion method "MDM…
The DCS and GOS for atomic or molecular excitation by a fast electron are related through ͑atomic units are used throughout͒ ͓1,33͔
, k i , and k f are, respectively, the excitation energy, the electron momenta before and after collision, K and are the momentum transfer and scattering angle, and E is the impact energy. We note that although Eq. ͑1͒ is obtained within the applicability of the FBA, an AGOS can be defined so that the energy-dependent equation ͑1͒ is also applicable when measured or calculated DCS's are used ͓33͔. The limit of the
Ester and Kessler ͓12͔ found that for Eр40 eV their measured absolute data for the electron excitation of Xe to the states 6s͓ 3 2 ͔ 1,2 could not be extrapolated to the Lassettre limit, viz. the OOS, using the Lassettre formula ͓3,19͔. Also, the problem associated with the normalization of the measured relative electron DCS's through the standard Lassettre expansion, particularly when using relatively small impact energies, was discussed. Haffad et al. ͓20͔ discovered where xϭK/Y , with Y ϭͱ2Iϩͱ2(IϪ), I and being the ionization and excitation energies, respectively. The quantities R, r, , and are yet to be determined. Equation ͑4͒ is mapped through
which reduce it to
where a 0 ϭR, a 1 ϭ2r cos and b 1 ϭ2r sin . In the new system of variables the AGOS is expanded in a Fourier series, of which we have retained only the first terms determined from Eq. ͑6͒, and log(1ϩx 2 ) is a natural variable. The OOS is then
The parameters a 0 , a 1 , b 1 , and are determined by minimizing F m (z) through the functional
where N is the number of experimental data points, z i , F i expt , and ⌬F i expt are the mapped experimental values through the mapping ͓Eq. ͑5͔͒ of the Nth point position, the AGOS value, and an error in the AGOS, respectively. The dependence of F m on z is irrelevant to the outcome of the parameters. This is a very fine and desirable feature of the method because the investigations of F m as a function of a new variable will not result in a new derivation, but only in a modification in the definition of both F m and z. We stress that the OOS's are automatically extracted with the constants, a 0 , a 1 , b 1 , and ⑀ in the method. The correct OOS's therefore provide self-consistency checks of the measurements ͓34͔.
Equation ͑6͒ represents the expression for the MDM. In an appropriate representation the AGOS varies linearly with K 2 , so that the difficult to measure smaller angular data can be obtained readily through analytical continuation. The MDM was used extensively to obtain smaller angular data from larger angular measurements and to calculate ICS's for transitions in Xe and N 2 ͓35͔.
C. Forward scattering function "FSF…
When the dimensionless variables
and tϭ E ͑9͒ are used, the expression for K 2 is transformed to utϭ2ϪtϪ2ͱ͑1Ϫt ͒y, ͑10͒
where 0рtр1, uу0, and y is without restriction. The physical region corresponds to ͉y͉р1, while ͉y͉Ͼ1 defines the nonphysical region. At fixed y the energy parameter t has two values. When uϳ1, they are
Notably, t 1 is independent of , and corresponds to the forward scattering (ϭ0°) of the AGOS ͓32͔; see Fig. 1 . The dependence of t 2 on is weak at ϳ90°. On the envelope curve ͓32͔ tϭ2u/(1ϩu), i.e., K 2 ϭ2 sin (uϭsin ), we have t 1 ϭt 2 . Figure 1 shows the variation of t with u for values of ϭ0 -180°. Also plotted is the envelope curve; it joins the maxima of the curves. Interestingly, the maximum of the ϭ0°curve is at uϭ0. Clearly, the only curves that continuously connect Eϭ and Eϭϱ ͑the OOS limit͒ are the forward-scattering and envelope curves. However, the forward-scattering curve is the only fixed angle curve that connects continuously the two energy limits. We note that uр0.5 for values of t up to about 0.9, implying that u is a natural expansion variable even at fairly low electron-impact energies. This explains why sometimes first Born approximation is applicable even when E appears to be fairly low.
Thus, if the AGOS's are continuous functions of K 2 and E, they start to merge with the forward-scattering curve at FIG. 1. Kinematics of the electron excitation process using dimensionless variables t and u. The curves, starting from the left, represent ϭ0°, 10°, 30°, 60°, 90°, 120°, and 180°, respectively. Note that the curve connecting the maxima is the envelope curve ͓32͔, and the ϭ0°curve, the only fixed angle curve, continuously connects thresholds, tϭ1 and tϭ0 and has its maximum at tϭ0. All other curves for which 0°avoid the limit point tϭ0 and uϭ0, corresponding to the optical oscillator strength.
the energies corresponding to the envelope curve, i.e., E Ͻ(1ϩsin )/(2 sin ) for Ͻ90°. All other curves corresponding to Ͼ90°merge with the forward-scattering curve at Eϭ. The closer is to 90°, the less the curves depend on the scattering angles. The point uϭK 2 /2, Eϭ, and ϭ90°is a point of concentration of the AGOS as a function of E or K 2 . The point uϭ0(K 2 ϭ0), Eϭϱ admits only the angle ϭ0°, corresponding to the OOS; all other angles are excluded. The interest here is in the small-angle scattering, roughly р15°.
Equations ͑9͒ and ͑10͒ have been used to obtain the FSF ͓32͔,
where u max ϭ0.25, and f 0 is the OOS. Equation ͑12͒ describes the locus of the ϭ0°AGOS points at various E values, with E min Х2.5, such that tϭ4u/(1ϩu) 2 . For any optically allowed transition, ⌽(u) can be obtained from that of the H 1s-2p transition ͑or any other accurately known transition͒ and the corresponding OOS's ͓32͔. The FSF and MDM have been used together to normalize measured relative electron DCS's ͓36-39͔, and to identify spurious behavior in both measured and calculated DCS's at and near ϭ0 ͓40,41͔. Recently, the FSF was generalized ͓42͔ for use in the normalization of the relative experimental excitation or ionization DCS's or DDCS's. The new normalization ͓42͔ is effected beyond the FBA, and without extrapolation through the nonphysical region.
D. Generalized Lassettre expansion "GLE…
At low electron-impact energy, only a few partial waves are necessary to represent a scattering process correctly. When increasing the energy, more and more waves contribute to the general process, and the partial-wave expansion converges slower and slower. In particular, the presence of a square-root singularity at K 2 ϭ0, prevents the partial wave expansion from converging there. Regge ͓29͔ proposed using complex angular momenta to produce a representation that converges for nonphysical transfer momenta. In this representation the amplitude is expanded into generalized partial waves:
The angular momenta (E) are no longer the universal kinematical integer angular momenta, but complex numbers that are energy dependent and are called Regge poles. P (cos ) are the Legendre functions of the first kind that reduce to the ordinary Legendre polynomials when (E) becomes an integer. (E) depends explicitly on the precise dynamics of the system under investigation, and can be computed from first principles using the Schrödinger equation. Recently, a general method of calculating Regge poles for both singular and regular potentials was developed and illustrated ͓43,44͔.
The transcendental functions P (cos ) are not of immediate use, and Eq. ͑13͒ can be replaced by a similar one without loss of generality ͓20͔,
where x 2 ϭK 2 /Y 2 is a linear function of cos at fixed energy. The set (E) is the same in both Eqs. ͑13͒ and ͑14͒. What are the advantages of the formula represented by Eq. ͑13͒ or Eq. ͑14͒ over the traditional angular momenta expansion? We list the main ones.
͑1͒ The Regge expansion will converge outside the physical region, and, in particular, for nonphysical scattering angles as in the case where one has to extrapolate the AGOS to obtain the OOS corresponding to a nonphysical value ͑purely imaginary͒ of the scattering angle.
͑2͒ One of the most remarkable general property of the Regge poles (E) is that when E→ϩϱ, they tend toward negative integers. For the s→p dipole-allowed transition, the value is Ϫ3, corresponding to the leading Regge pole ͑the one with the largest real part; we call this the Lassettre pole͒.
͑3͒ For large physical energy, the real part of (E) behaves like
This real part controls the fast decrease of the cross section with increasing momentum transfer. ͑4͒ For large physical energy, the imaginary part of (E) behaves like Im"͑E ͒…ϳ CЈ
ͱE
.
͑16͒
This imaginary part controls the oscillations of the cross section at large momentum transfer. In the present case, where we analyze a K 2 region before the first minimum, we can neglect the imaginary part of the leading Regge pole ͑that controls the oscillations in the DCS and write the GLE with only one Regge pole͒ ͓30͔
where the OOS and A do not depend on energy, and where
can be derived by computing the next order term in expansion ͑8-4͒ in Ref.
͓29͔. The constant C could be computed knowing the behavior at small distances of the corresponding effective potential, and CЈ is simply related to C. Alternatively, the constant C can be computed directly from the Schrödinger equation through the general expressions given in Refs. ͓43, 44͔ with the appropriate potentials used. Equations ͑17͒ and ͑18͒ give a global analysis of the AGOS in terms of only three energy-independent parameters A, C, and OOS ͑usually a known quantity determined independently͒. The beauty of Eq. ͑17͒ is structural simplicity; it manifests directly the energy dependence of the AGOS through the second term. We refer to this second term as the ''moving Regge pole'' contribution to the AGOS. The whole expression is referred to as the generalized Lassettre expansion ͓30͔ for obvious reasons. The GLE represented by Eq. ͑17͒ differs from others ͓19,20͔ through the presence of the second term, which also contains the square root of K 2 singularity at K 2 ϭ0, whose importance was pointed out in Ref.
͓45͔.
The GLE was used to extract the OOS within 1% accuracy for the H 1s-2p transition from the accurate DCS's of Ref. ͓31͔. The calculation used all the DCS data obtained at scattering angles from 0°to 90°͑15 data points͒ for each electron-impact energy Eϭ19. 58, 35, 40, 54.4, 100, and 200 eV. Also, even when the data at 19.58 eV were used alone, the accuracy was still impressive, better than 1.2%. 2 р0.65 a.u., while for large E(E ϭ200 eV) the data р70°cover a significant range 0 рK 2 р30 a.u. Also, at 200 eV the data points are well separated near ϭ0°in comparison with those at Eϭ19.58 or 54.4 eV. Thus, in an appropriate representation, the AGOS's can be represented by straight lines. This has allowed us to determine the unmeasured data near ϭ0°for other transitions through analytical continuation. If the data at E ϭ200 eV are continued to K 2 ϭ0, the AGOS curve intersects the vertical axis at nearly the OOS value. However, it is not obvious where the data at Eϭ19.58 eV would intersect the vertical axis if analytically continued through the nonphysical region which is significant in this case. Similar results to those for H 1s-2p are obtained for the optically allowed transition Li 2 2 S -2 2 P o . Figure 5 compares the GLE results with the data from the accurate calculation of DCS's in Ref. ͓46͔ at 6, 15, and 100 eV. Here we used the values shown in Table I Fig. 2 , except that Eϭ54.4 eV and the data point at about 1.75 a.u. corresponds to ϭ40°. Fig. 2 , except that Eϭ200 eV and the data point close to 30 a.u. corresponds to ϭ70°. Note that the nonphysical region has almost completely disappeared, and that the data at large K 2 are on the Gϭ0 line and at small K 2 values they are nearly parallel to the K 2 ϭ0 axis and cross at almost the OOS value if analytically continued to K 2 ϭ0.
FIG. 4. Same as in
and the experimental values whose range is between 0.742 and 0.750 ͓48͔. The reason why the OOS's obtained from the 6-and 15-eV data are low is clear from Fig. 6 ; the values at ϭ0°terminate at slightly lower values than those required by the FSF. Hence the lower values of the OOS's. It is seen that the GLE provides a powerful and simple method of determining OOS's from absolute electron DCS's even when the impact energy is near threshold. For H 1s-2p we saw that at 19.58 eV ͑1.9 ͒ the OOS value was obtained to within 1.2% using the GLE ͓30͔, while for Li 2 2 S -2 2 P o the accuracy is within 15% at Eϭ3. We note that the accuracy of the determined OOS value depends on that of the calculated or measured DCS's. To our knowledge the GLE is the only method available that is currently capable of such an outstanding feat. Some remarks are appropriate here concerning the representation used for the H 1s-2p and Li 2 2 S -2 2 P o data in Figs. 2-4 and 5, respectively. Note that the data for H and Li are represented using a linear and a log graph paper, respectively and for both transitions the GLE agrees excellently with the data of Bray and co-workers ͓31,46͔. It is clear from Fig. 5 that analytically continuing the data at 6 and 15 eV through the extensive nonphysical region of the AGOS's may not lead to the OOS value at K 2 ϭ0, consistent with the observation of Ester and Kessler ͓12͔ for Xe. However, the inclusion of the FSF ensures that the data terminate properly within the experimental or calculational errors, provided that they are absolute; otherwise they must be shifted up or down for compatibility with the FSF. The important point here is that the GLE agrees with the accurate data down to near threshold. Figure 5 also shows that within the selected range 0.0006-0.1 a.u. of K 2 values, the 100-, 15-, and 6-eV curves contain seven, 18, and 29 angular data points, respectively. This behavior is consistent with the data of Figs. 2-4 and is general. The choice of the representation will depend mainly on the objective. The logϫlog plots demonstrate the selfconsistency of the data; properly normalized data must terminate on the FSF at values of K 2 corresponding to ϭ0°at every impact energy and curves never cross.
III. LASSETTRE LIMIT THEOREM
In this section we demonstrate the validity of the Lassettre limit theorem, viz. lim K 2 →0 f (E,K 2 )ϭ f 0 , regardless of the electron-impact energy. Figure 1 shows that the ϭ0°curve is the only fixed scattering angle trajectory that connects continuously Eϭ(tϭ1) and Eϭϱ(tϭ0), the OOS limit, without traversing the nonphysical region. Trajectories at any other fixed angle cannot lead to the OOS limit, although all begin at tϭ1. For example, the 10°curve clearly avoids the OOS limit as E→ϱ. We note that although the second curve, called the envelope curve ͓32͔, also connects Eϭ and Eϭϱ continuously, but it does not do so at a fixed angle. Furthermore, we saw that as E→, the angular dependence of Eq. ͑10͒ is eliminated; all the small angular curves merge with the ϭ0°curve as E→. Therefore, the small-angle, approximately р15°͑the angular regime of FIG. 5 . Comparison of the apparent generalized oscillator strength G vs K 2 for Li 2 2 S -2 2 P o from the data of Bray, Fursa, and McCarthy ͓46͔ and the GLE. Also included is the FSF curve ͑----͒. The pluses, crosses, and stars, together with their corresponding GLE curves, are at 6, 15, and 100 eV, respectively. The FSF, as expected, connects the ϭ0°points of the Eϭ6, 15, and 100 eV data points, within the calculational errors. The GLE curves have been extended into the nonphysical regions of the 6-and 15-eV data by allowing them to cross the FSF curve. Absolute data must terminate on the FSF curve.
FIG. 6.
Comparison of the apparent generalized oscillator strength G for H 1s-2p as a function of E from the data of Bray, Konovalov, and McCarthy ͓31͔ ͑**͒ and the GLE ͑-͒ at ϭ0°, 5°, and 10°. Near Eϭ (Eр20 eV, approximately͒ the data corresponding to ϭ0°, 5°, and 10°become indistinguishable, as required by the kinematics of Fig. 1 . Also included is the FSF ͑-"-͒. interest of this paper͒, behavior can be approximated by that of the ϭ0°curve as E→.
In Fig. 6 we show the AGOS versus E for the H 1s-2p transition at ϭ0°, 5°, and 10°. The solid curves are calculated using the values of the constants A and C obtained in Ref. ͓31͔ and the GLE is excellent down to near threshold. Note that the 10°and 5°curves merge with the zero degree curves as E →, consistent with the kinematics, Fig. 1 . As E →200 eV, the separation among the various curves becomes larger in comparison with that near Eϭ. That AGOS curves other than that corresponding to ϭ0°must vanish as E→ϱ follows from Eq. ͑17͒. As E→ϱ the second term becomes negligible, and only the Born term survives, viz.
where D is a constant independent of E. When ϭ0°in Eq. ͑19͒, the f (E,K 2 )ϭ f 0 . Therefore, the ϭ0°trajectory of the AGOS is the only fixed scattering angle curve for reaching the Lassettre limit when starting from any E value, and without involving the nonphysical region. This clearly demonstrates the single-pole dominance of the scattering process at forward scattering. For any nonzero scattering angle, f (E,K 2 )ϳ(/E) 6 which approaches zero as E→ϱ. Consequently, the ϭ5°and 10°͑or any 0°) AGOS curves actually go to zero as E→ϱ, leaving only the forward-scattering curve to satisfy the Lassettre limit theorem, consistent with the kinematics of Fig. 1 . Thus establishing the applicability of the Lassettre limit theorem regardless of the electron-impact energy requires an appropriate universal representation of the kinematics and the AGOS.
Some immediate consequences of the Lassettre limit theorem are worth mentioning. From Fig. 6 it is now clear that knowing the absolute values of the DCS's at ϭ0°as a function of E, the data can be used to determine the value of the OOS ͓5,12͔, the accuracy being determined by that of the DCS's. This is a superior approach because it completely avoids the extrapolation of the AGOS, particularly through the nonphysical region, and it should be contrasted with that used in Refs. ͓5, 12͔. Experimentally, it would be easier to separate the angular dependence of the AGOS's as E→ϱ, rather than for those near threshold. Most importantly, the GLE at ϭ0°defines the long-sought-after unique normalization curve of the AGOS's to the OOS. This implies that for absolute data, the AGOS at any impact energy must lie on this curve; otherwise the data point at the given impact energy must be shifted up or down so that it is on the curve. Interestingly, it would be difficult to separate in general spuriously behaved data points from improperly normalized data points. However, the self-consistency of the data as a function of angle or K 2 can be ascertained using the MDM, as demonstrated by Felfli and Msezane ͓36͔ and Marinkovic et al. ͓37͔ .
IV. NORMALIZATION OF DIFFERENTIAL CROSS SECTIONS
Since at zero-angle scattering the GLE connects continuously the threshold energy point and the infinite energy point ͑the OOS͒, it therefore represents the long-sought-after normalization curve to the OOS, regardless of the impact energy and without involving the nonphysical region. In this section we extract the normalization curves appropriate to the optically allowed transitions in H, He, Xe, and N 2 O to demonstrate correctly normalized data and/or spuriously behaved data at or near ϭ0°. To analyze these transitions using the GLE we need the values of the constants A and C in the expression of the GLE. As pointed out in Ref. ͓30͔, C can be determined directly by solving the Schrödinger equation, a laborious process, or from the measured data.
One main objective of this paper is to demonstrate the applicability of the GLE. Therefore, the constants A and C will be extracted in a simple way. This is accomplished by matching at ϭ0°the GLE and the FSF, including its generalized version ͓42͔, at two arbitrary impact energies, one high, E 2 , and the other low, E 1 . Table II shows the results of such a determination. The constants are not too sensitive to the choice of E 1 and E 2 as long as they are reasonably separated. We note that, while the FSF can be used only at ϭ0°, the GLE can also be employed for 0°, as shown in Fig. 6 . The curves at ϭ0°, 5°, and 10°were obtained using the same constants from Ref. ͓30͔, given in Table II . Also, the GLE can be used to determine OOS's ͓30͔.
Unlike for the H 1s-2p transition, there are many measurements and calculations of the DCS's for the He 1 1 S -2 1 P o transition at and near ϭ0°, the angular region of our interest. Since in this paper we want to demonstrate the applicability of the GLE, we have selected the measurements ͓49-52͔ and calculations ͓52-54͔. Combined, they cover the electron-impact energy range 23.2рEр1500 eV, and the angular regime 0°рр180°. Because of the availability of the measured data at and near ϭ0°, the four measurements are suitable for demonstrating the normalization capability of the GLE. We define the scaled energy as ZϭE/.
In Fig. 7 various selected calculations ͓52-54͔ and measurements ͓49-52͔ of the AGOS's at ϭ0°for He 1 1 S -2 1 P o are compared with the GLE and FSF curves for 23.2рEр1500 eV. The results demonstrate that the GLE can be employed to normalize relative measurements to the OOS at any E, and/or assess the reliability of measured or calculated electron DCS's at ϭ0°, even very close to threshold. We obtained the AGOS's at ϭ0°for Eϭ100 and 1500 eV for the measured data ͓50,51͔ using the MDM, because the last measurements were at 1.2°and 2°, respectively. Although the data point of Xu et al. appears significantly lower than the FSF and GLE curves, it is, nevertheless within the experimental errors. Also, the measurement ͓50͔ appears to be increasing away from the OOS limit as E increases from 600 to 800 eV. This behavior is incorrect, but is still within the experimental errors. Just like for the H 1s-2p transition, the GLE represents very well the measured He 1 1 S -2 1 P o data over a wide range of E values. Suzuki et al. ͓5͔ measured the electron excitation DCS's for Xe ͓ 3 2 , 1 2 ͔6s states from ground state at 100, 400, and 500 eV, down to scattering angles s ϭ2.45°, 1.4°, and 1.5°, respectively. Ester and Kessler ͓12͔ measured absolute DCS's for the same transitions at E values between 15 and 100 eV, but only down to s ϭ6°. Both experiments also determined OOS's. Ester and Kessler also demonstrated that their data at 100 and 80 eV were compatible with Lassettre's limit theorem, while those for Eр40 eV were not. To apply the GLE to both measurements, we must first obtain data at ϭ0°f rom the respective data sets using the MDM. Within the experimental errors, the data points at ϭ0°must lie on the corresponding GLE curve as in Fig. 6 . Figure 8 50, 40, 30 , and 15 eV, and absolute data at 80 eV down to ϭ0°. The measured data were recently normalized through GOS's ͓37͔ using the FSF ͓32͔. Before the normalization was effected at each E, the reliably measured larger angular data were analytically continued using the MDM to obtain data at ϭ0°, and to identify spurious behavior. The data were then normalized, after correction to the OOS, following Felfli and Msezane ͓36͔. Figure 9 displays both unnormalized and normalized data at ϭ0°for the 2 1 ⌺ state of N 2 O at 80, 50, 40, 30, and 15 eV. Also included are the GLE and FSF curves. As can be seen, the agreement between the two curves is very good down to near threshold. Figure 9 demonstrates how the GLE can be used to normalize relative measurements for a molecular transition.
V. CONCLUSION AND DISCUSSION
The most important accomplishment of this paper has been to apply the GLE to H 1s-2p, to demonstrate that only at ϭ0°does the AGOS continuously connect the threshold energy and the infinite energy points without the involvement of the nonphysical region; the latter limit corresponds to the OOS. To our knowledge, this is the first demonstration of the applicability of the Lassettre limit theorem regardless of the electron-impact energy. The limit theorem has been always attractive to experimenters for normalizing their relative measurements of electron DCS's to the OOS. Here, using optically allowed transitions in H, He, Xe, and N 2 O, we have shown that the GLE at ϭ0°can be used not only to ascertain correctly normalized measured electron DCS's but also to identify and correct spuriously behaved data near and at ϭ0°, regardless of the electron-impact energy.
However, caution must be exercised in using the GLE for normalizing relative measurements of DCS's because, currently, zero-degree measurements are almost nonexistent or are riddled with errors. Accurate DCS's at small scattering angles, including zero, are important for the determination of integral cross sections since this angular regime contributes significantly to them. The MDM complements the GLE since, it can analytically continue the large angular measurements, which are generally more accurately measured by comparison, through the unmeasured angular regime to ϭ0°. Thus it can be determined whether the data require renormalization or are spuriously behaved. The FSF is another important method, since it is simple to use, requiring only the OOS as input. As indicated in this paper, it can also be used to determine the constants A and C in the expression of the GLE, as well as to check properly normalized data through the OOS.
We conclude by noting that anomalies in the excitation threshold law, nonexistent for the typical complex atom, are introduced in the excitation of the 2p level of H due to the degeneracy of and asymptotic coupling between the 2s and 2 p levels ͓56͔. The problem, well discussed by Geltman ͓56͔, is currently being investigated. Suffice it to state that the GLE at ϭ0°can be used to normalize relative DCS's for both atomic and molecular transitions over a wide range of electron-impact energies. Also, it is expected to provide a stringent test of both measurements and theory at and near ϭ0°. With some little modifications, the GLE is equally applicable to the normalization of the DDCS's for ionization by electron impact and to optically forbidden transitions. For the latter, even though the OOS is equal to 0, the curves can still be used to normalize the DCS's through the AGOS since its value is nonzero for ϽEϽϱ. The GLE also validates the FSF ͓32͔ over its range of applicability.
Note added. After the completion of this work, Avdonina et al. ͓57͔ showed that in an appropriate representation, the AGOS permits the demonstration of its general properties. They also showed that when the AGOS, from DCS measurement or calculation, was plotted against the variable u of Eq. ͑9͒, excellent agreement was obtained with the measured data of Ref. ͓34͔ and the calculation of Ref. ͓46͔ at ϭ1°, 3°, 5°, and 10°, but not at ϭ0°. At zero-degree scattering they found that the data of Ref. ͓34͔ required only multiplication by a factor of about 0.6 for compatibility with the accurate data of Ref. ͓46͔, while the data of Ref. ͓58͔ behaved spuriously ͑only at ϭ0°). Consistent with the present results of Figs. 6-9, the representation of the measured or calculated electron DCS's for optically allowed transitions used by Avdonina et al. ͓57͔ readily reveals improperly normalized and/or spuriously behaved data at small scattering angles, approximately р15°. Their analysis is also applicable even to heavy atoms such as the optically allowed transition of Ba ͓59͔. The conclusions of that paper agree with those of the present paper. Both papers can now be used to guide the measurement of small-angle electronscattering DCS's, particularly at ϭ0°where measurements are almost nonexistent because of the difficulty of measuring them.
